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Abstract 



Let K denote the space of all Couchy-Stiltjes transforms. Let if be an 
analytic map of the unit disk into itself and C^p denote the composition oper- 
^^ \ ator in i^. In this note is given a new proof of the norm estimate of J. Cima 

CN ■ and A. Matheson: 

r^' "^^"^- 1-19^(0)1- 

O 

oo . 

O 1 Introduction 

_>: 

k> \ Let K denote the family of all functions /, analytic in the unit disk © and for 

H ' which there exists a finite Borel measure /z on the unit circle T such that 

T 

X is a Banach space with the natural norm 

U = inf{||/i||:/xeM,iC^ = /}. 



Let if be an analytic map of the unit disk into itself and C<^ denote the composition 
operator in K: 

CJ = focp, feK. 
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In [1] P. Bourdon and J. Cima proved that C^ is a bounded operator on K and 
In [2] J. Cima and A. Matheson proved the norm estimate 

iirii <i±M21l m 

This estimate is sharp in th sense that there are functions (/? with (p{0) ^ for 
which equality is attained. 

The proof of Cima and Matheson is based on the following two lemmas. 

Lemma 1. // / G K,i(j is analytic in D and "0(0) = 0, |'?/'(2;)| < 1 in 3, then 
f oil) ^ K (^''^d 

\\fonK<\\f\\K. 

Lemma 2. For every a ^'D), let \a{z) = j--§^. Then f o \^ e K for every f E K 
and 

ll/°A„|U<i±^||/||x. (2) 

1 — \a\ 

Lemma 2 leads to a quick proof of the estimate (1). Indeed, if ip is analytic map 
of D into itself, then 

1 - ^{OMz) 

is analytic map of © into itself and ip{0) = 0. Since 

1 - ip{o)ij{z) 

then 

ll/o(/.|k = IK/ o A,) 0^(^)11;, <||/oAJ|k<4^^||/||x 



1- \a\ "■' " 
for every f E K. Hence 

^ l + 2|a| _ l + 2|vp(0)| 
The motivation for this paper is the following new proof of Lemma 2. 
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2 New proof of Lemma 2. 

Let Ca denote the space of all functions analytic in D and continuous on D for 
which ll/llc^ = ll/IU. Let A(^) = K{z), a G D. 
The estimate (2) will be proved by using that K = C\ under the paring 



(/,/i) = lim / ,f{rt)h{t)dm{t), 



where f e K, h e Ca and dm{t) = i^^^- 
li f = K^e K and h G Ca-, then 



(/ o \)h{t) dm{t) 



dKO 



T \T 



1 - CA(rt) 



h{t) dm{t) 



hit) 



T \T 



1 - CA(rt) 



dm{t) dii(Q 



and it follows that 



(/ o \)h{t) dm{t) 



< 



/i| 



m 



1 - CA(rt) 



dm{t) 



which implies 



||/oA||K<||/lksup<^lim 



h{t) 



1 - CA(rt) 



dm{t) 



< 1 



(3) 



Since 



1 



t — ar 



l-CA(rt) (l-Ca)t + r(C-a)' 
applying Cauchy's theorem, we have 

hit) , , s 1 /" , / N t — ar dt 

— dm(f) = / hit)- — - — 

1 - CA(rt) ^' 2m J ^\l- Ca)t + r(C - a) t 

T T 



+ h i r 



1-Ca 



a-( \ ri-^ - ar 



arh{0) 
r(C - a) 

C — a \ l — Qal |1 — Co' 



1-Cay r(a-C) 
a — C,\ 1 — |ap 



30 Peyo Stoilov and Rouniyana Gesheva 



If ||/i|U<l, then 



^(') dmit) 



1 - CA(rt) 
and from inequality (3) we obtain 



\a\ . 1 — lap 1 + 2|o| 



l-|a| (l-|a|)2 l-|a| 



1 — \a\ 

3 Remarks 

Let Lp be an analytic map of the unit disk D into itself and define an operator 
P^ on Ca by 



P^h = hm / ^^ dmjt) , heC^ 



T 



From the proof of Lemma 2 and inequality (1) it follows that P^p is a bounded 
operator on Ca and 

l + %(0^ 

II ^11^-^- i-iv^(o)r 

We shall note that P^p is an integral analogue of the operator A^, applied in [2]. 
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